CUNTZ-PIMSNER C*-ALGEBRAS AND CROSSED PRODUCTS 
BY HILBERT C*-BIMODULES 

BEATRIZ ABADIE AND MAURICIO ACHIGAR 



Abstract. Given a correspondence X over a C*-algebra A, we construct 
a C*-algebra A^ and a Hilbert C*-bimodule Xoo over A^ such that the 
augmented Cuntz-Pimsner C*-algebras Ox and the crossed product A^ XI Xoc 
are isomorphic. This construction enables us to establish a condition for two 
augmented Cuntz-Pimsner C*-algebras to be Morita equivalent. 



1. Introduction and preliminaries 

The augmented Cuntz-Pimsner C*-algebra Ox defined in is a C*-algebra 
associated to an A-correspondence (X, <px ) that is universal for certain covariance 
conditions (see [ED 3.12]) when <f>x is injective and X is full as a right Hilbert 
C*-module. 

On the other hand, when X is also a Hilbert C*-bimodule over the C*-algebra A 
the crossed product A x X defined in |AEE| is universal for covariance conditions 
that agree with those for which Ox is universal under the assumptions mentioned 
above. 

Thus both constructions can be carried out when X is a Hilbert C*-bimodule, 
and they agree when X is full on the right and the action on the left is faithful. 
But this may fail if the condition of faithfulness of the left action is dropped, as the 
following example, shown to us by S0ren Eilers, proves. 

Let A = C © C and X = C be the Hilbert C*-bimodule over A obtained by 
setting: 

(X,fj,)-x = Xx, x ■ (A, fi) = xfj,, (x, y) L = (xy, 0) and (x,y) R = (Q,xy). 

Then X © X = because x ® y = x • (0, 1) ® y = x ® (0, 1) ■ y = x ® 0. This implies 
that Ox = {0} whereas A x X is isomorphic to M 2 (C). This last statement can be 
checked directly by verifying that the *-homomorphism induced by the covariant 
pair of maps (i A ,ix) ■ (A,X) -> M 2 (C) given by u(A,/i) = (o °), M 35 ) = (o o) 
is an isomorphism, or by noting that X is the bimodule associated (as described in 
AEE, 3.2]) to the partial action on A given by I = C©0, J = 0©C, d(x, 0) = (0, x). 

This shows that A x X and Ox may not agree for a Hilbert C*-bimodule X over 
A. On the other hand, as mentioned in |AEE1 1], for any ^-correspondence {X, <f>x) 
the algebra Ox is a crossed product A^ x X^. The example above shows that 
the algebra A M and the bimodule X^ do not necessarily agree with the original 
A and X when X is a Hilbert C*- bimodule over A. In this work we give an 
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abstract construction of and Xoc, out of an ^4-correspondence (X, (fix)- Both 
Aoo and Xoo are described as direct limits of nicely related directed sequences in 
their respective categories. 

We apply this construction to the discussion of Morita equivalence of augmented 
Cuntz-Pimsner C*-algebras. One of our tools is a result from |AEE1 4.2]: if X 
and Y are Hilbert C*-bimodules over C*-algebras A and B respectively, and M is 
an A — B Morita equivalence bimodule such that the A — B Hilbert C*bimodules 
X <S>a M and M <S>b Y are isomorphic, then the crossed products A x X and B xi Y 
are Morita equivalent. In Theorem 14. 71 we establish a condition of this kind for the 
Morita equivalence of two augmented Cuntz-Pimsner C*-algebras. P. Muhly and 
B. Solel showed in jMSI 3.3, 3.5] a similar result for Cuntz-Pimsner C*-algebras 
and for correspondences (X,(fix) and (Y, (fiy) such that the maps (fix and (fiy are 
injective and the correspondences are non-degenerate (that is, (fix(A)X — X and 
similarly for Y). Our result for augmented C*-algebras does not require the action 
to be injective, but a condition related to non-degeneracy (see Remark |4.8|) has to 
be met. 

This work is organized as follows. Section 2 deals with the notion of direct limit 
of Hilbert C*-modules and proves some basic results that will be further required. 
In section 3 we construct, for an A-correspondence (X, (fix), a C*-algebra A^ and 
a Hilbert C*-bimodule I m over A^ such that Ox and A^ » X^ are isomorphic. 
In section 4 we use that construction together with |AEEI 4.2] to give a sufficient 
condition for the Morita equivalence of two augmented Cuntz-Pimsner C*-algebras. 

We start by recalling some definitions and by setting some notation. 

Notation 1.1. Let A and B be C*-algebras. If <fi : A — > B is a *-homomorphism, 
we denote by (fi^ the *-homomorphism (fi^ : Mk(A) — ► Mk(B) defined by 

Given a right Hilbert C*-module X over a C*-algebra A we denote by C(X) 
and JC(X), respectively, the C*-algebras of adjointable and compact maps. For 
x, y £ X, we write 9 XiV to denote the map 9 x , y £ IC(X) defined by x<y (z) = x(y, z). 
For x £ X, \x\ denotes the element \x\ £ A defined by |x| = (x, x) 1 ^ 2 . 

Given subsets S and T of X, we write (S, T) to denote the set (S, T) — span{(s, t) : 
s e S, t ET}. If S C C{X), we denote by SX the set SX = span{s(x) : s £ S : x £ 
X}. Given a C*-subalgebra C of C(X), we denote by L c .x the right Hilbert C*- 
module homomorphism Lc,x ■ C®cX — > X defined by Lc,x{c®x) = c(x). Note 
that Lc,x is an isomorphism when CX — X . 

When X is a right Hilbert C*-module over A, the map i®o^ xa, for x £ X 
and a £ A, is an isomorphism of right A-Hilbert C*-modules between X ®A and X 
that associates the map T £ C(X) to the map T (8> id^ £ C{X (g) A). Often in this 
work we will identify X with X <g> A and T £ C(X) with T iS> id^ as above without 
further warning. For T £ C(X) we will understand that T®° is id^. 

We next recall some of the terminology in MS that we will adopt. Given C*- 
algebras A and B, an A — B correspondence (X,cfix) consists of a right Hilbert 
C*-module X over B together with a *-homomorphism (fix ■ A — > C(X). We will 
denote the correspondence by X and drop the reference to the map (fix when it 
does not lead to confusion. Besides, we will write a ■ x to denote [(fix{a)]{x). 

Let Xi be an Ai — Bi correspondence, for i = 1,2. A homomomorphism of 
correspondences (a, <fi, -zr) consists of C*-algebra homomorphisms a : A\ — ► A2 
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and 7r : B\ — > B2 and a linear map (fi '■ -Xi — > X2 such that 

<f>(a ■ xb) = a(a) ■ <t>{x)-K(b) and (<f>(x), <f>{y)) = Tr((x,y)), 

for all x,y e X 1; a G Ax, b £ B±. 

Whenever Ax = A 2 (respectively -Bx = B 2 ) and there is no reference to the map 
a (respectively tt) we assume it is the identity map. Two A — B correspondences 
X and Y are said to be isomorphic if there is a homomorphism (id^ , J, ids) where 
J : X — > Y" is invertible. 

Note that the map Lc,x defined above for a C*-subalgebra C of C(X) is a 
homomorphism of C — A correspondences, for C acting on C ® X via i ® idx, I 
being left multiplication. 

Homomorphisms of right Hilbert C*-modulcs and homomorphisms of Hilbert C'*- 
bimodules are defined in the obvious analogous way, Hilbert C*-bimodules being 
defined as in [HITS! 1.8]. 

Lemma 1.2. Let (</>, a) : (X, A) — ► (Y, B) be a homomorphism 0} right Hilbert C* - 
modules. Then <fi is norm- decreasing, and it induces a C* -algebra homomorphism 
0* : JC(X) — > K.(Y) such that 0*(6 Xl>X2 ) = ^( x1 ),^(x 2 )j f or x i> x i e x - 

Proof. If x £ X, then 

||#r)|| 2 = \\{<f>(x),cf>(x))\\ = \\a((x,x))\\ < \\(x,x}\\ = ||*|| 2 . 

As for the second statement, if X4, yi £ X for i = 1,2, ... ,n, then by jKPWl 2.1] 
we have 

II ^ 8<t>(xi),<t>(v>) II = ll 5 ' 1/2Tl/2 |U/ n (s), 

where S i3 = {^{n),^)) and T l} = (^), Now, 5 = cr (n) (M) and T = 

er("'(iV), where = (xi,Xj) and TVjj = (yi,yj). Therefore 

p^T 1 ' 2 ]] = || (M 1 / 2 ^ 1 / 2 ) I) < |]AfV2jvV2|| = [[^^ll, 

which shows that (fi* extends to a continuous map on IC(X). Finally, it is straight- 
forward to check that (fi* is a ^-homomorphism from the fact that (a, <fi) is a homo- 
morphism of right Hilbert C*-modules. 

□ 

2. Directed sequences of right Hilbert C7*-modules 

In this section we discuss a procedure to get, for a given A-correspondence 
(X, <fix), a Hilbert C*-bimodule over a C*-algebra Aoo. We will show in next 
section that A^ » Xoo is isomorphic to Ox- 

In order to get a left inner product on X one needs to add to Im (fi the compact 
operators K.(X). If one lets A\ C C(X) be defined by Ax = Im <fi + K,(X), then 
X is an Ax — A Hilbert C*-bimodule, but there is no clear right action of A\ 
on X. This suggests replacing X \sy X\ :— X ®a A\. Thus we end up with 
an Ai-correspondence X\, and the procedure can be iterated. We show how this 
iteration yields directed sequences {A n } and {X n } whose limits A^ and Xoo are 
such that Xoo is a Hilbert C*-bimodule over A^. We will develop this procedure 
in a somewhat more general context that will be of use in the discussion of Morita 
equivalence in the last section. 
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Definition 2.1. A directed sequence {(X n , A n , cj) X , (f) A )} of right Hilbert C*-modules 
consists of a directed sequence {(A n , <p A )} of C*-algebras together with a directed 
sequence {(X n ,<j> x )} of vector spaces such that X n is a right Hilbert C*-module 
over A n and (<p x ,(f> A ) ' IS a homomorphism of right Hilbert C*-modules for each 
n G N. 

Remark 2.2. Let {(X n , A n , <fr x , <f> A )} be a directed sequence of right Hilbert C*- 
modules. Since the maps <j> x & r e norm decreasing by Lemma 11.21 the sequence 
{X n ,<j) x } has a direct limit (Xoo, {X x }), that can be described as follows. Let Yb 
be the vector space 

Y = {x G J^f-X'n : there exists n Q such that x n+ i — (f> n {x n ) Vn > n }, 



and let Y = {x G Yq : \im n 
the norm ||x|| = lim n ||x„||. 
X x = 7T o \ x , where ir : Yq 



\\x n \\ = 0}. Then is the completion of Yq/Y for 
The canonical maps X x : X n — > X^ are given by 
— > Xqo is the canonical projection and A„ (x„)(k) = 



Kt^n), for </)* k : X n -> X k given by: 



if k < n; 

= < id if fc = 77,; 

<t>k-i ° ' • • ° <t>% if * > n- 
Note that ||A^(x)|| XotJ = hm m ||</>£ m (a?n)|U ro = inf m ||<fcf, m (x„)||x m . 

If {^n} G Yo, and no is such that x n +i = 4>n{ x n) f° r au > ^Oj then X x '(x no ) — 
7r({i„}), which shows that \J X x (X n ) is dense in X^. 

It is well known that a similar description holds for the direct limit (Aoo, {A^}) 
of the directed sequence of C*-algebras {A n ,(/> A }, and that (J X A (A n ) is dense in 



A^c,. Note that 



) is a homomorphism of right Hilbert C*-modules from 



(A n ,X n ) to (A k ,X k ). 

We will say that (X^ , A c 
quence {(X n , A n , cj) X , <j> A )}. 



{A„},{A„}) is the direct limit of the directed se- 



Proposition 2.3. Let {(X n , A n , 4> x > 4> A )} &e a directed sequence of right Hilbert 
C* -modules with direct limit (X OC ,A OD ,{X X },{X A }). Then X x can be made into 
a right Hilbert C* -module over A^ by setting: 

X x (x n )X A (a n ) :=X x (x n a n ), {X x (x?), X x {x%)) := X A {{x^,x^)), 

for a n G A n> x n ,xf G X n , i — 1,2. (Therefore {X X ,X A ) : (X n ,A n ) — > (Xo^A^,) 
is a homomorphism of right Hilbert C* -modules for all n.) 

Let M be a right Hilbert C* -module over a C* -algebra B and, for each n G N, let 

(Hn , Hn) • {X n ,A n ) ► (M,B) be a homomorphism of right Hilbert C* -modules, 

such that the diagrams 



X n ■ 



M 



X 



71+1 




A n 



D 



A, 



n+l 




commute. If [i x : X^ — > M , [i A : A^ ► B are the canonical maps yielded 

by the universal property of the direct limit, then (/i x , /j, a ) is a homomorphism of 
Hilbert C* -modules. 
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Besides, the norm onXca induced by its structure of right Aca-Hilbert C* -module 
agrees with the original norm. 

Proof. We first check that the definition of the action on the right makes sense. 
Assume that A^(afe) = A^(a„) and that \^{x k ) = A* for some a„ G A n , 
at G Ak, x n G X n , and x k G X k . 

Given e > 0, choose j G N, j > k, j > n, and large enough to have \\<Pn,j( x n) — 
<ftj(x k )\\ < e and ||<>„) - <tf d (a k )\\ < e. Then 

Un( x na n ) - \ k {x k a k )\\ < \\(t>n,j(x n a n ) - <t>kj(x k ak)\\ 

= \\<Pn,j(Xn)<j>£,j(a n ) ~ <p kJ (x k )(f>k,j(ak)\\ 

< llC(^)(<>«) - <>*))ll + ll(C(^) - C-(^))CK)H 

< (KII + ||a fe ||)e. 

Besides, 

||A„(x„a„)|| = lim||^ m (x„a„)|| 

m 

= liHI^™. m (^n)0™. m (arOI[ 
m 

< (lim||^ m (x rl )||)(lim|K m (a„)||) 
= \M\\a\\, 

which shows that the right action of \J n \^(A n ) on [j n \*(X n ) extends by conti- 
nuity to a right action of A M on X^ . 

As for the definition of the right inner product, it makes sense because if \* (xf) = 
X k ( x i) f° r some xf G X n , x\ G X k , i = 1,2, then for any e > we can choose 
j G N such that j > k, j > n, and \\4>^ tj {xf) - (j> k j(x^)\\ < e for i = 1,2. Then: 

l|A^(W,^))-A^((^,4))ll < ll<,((^,^))-C(^i^ 2 fe ))|| 

= ikC-W),^^)) - {<ttM)><ftM))\\ 

<e(K|| + ||^||). 
Also note that, for x n G X n we have 

\\()£{x n ),XX{x n ))\\ Aoo = \\X£((x n ,x n ))\\ Aoo 

= lim m ||^„((a; n ,a; n ))||A ro 

= limm || (^mfcn), <l>* m ( x n)) \\ A m 

= lim m ||^. m (x n )||^ m 
= l|A^(x„)||^, 

which shows that the two norms on Xqq agree. 

The remaining properties and statements are apparent from the definitions. 

□ 

Example 2.4. The following example will be of importance in this work. Given a 
correspondence (X,<fix) over a C*-algebra A, let X(A) denote the C*-subalgebra 
X{A) = K{X) + Im <j> x . Note that X is an X(A) - A Hilbert C*-bimodule. 

Given a right A-Hilbcrt C*-module M, we define the right X(A)-Hilbert C*- 
module X(M) by X{M) := M ® 4>x X(A), where X{A) is viewed as an Im <p x ~ 
X(A) correspondence in the obvious way. 

Note that 
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= ^x(ai)*^((mt,ft'))^x(&j) 
= Y,i,j < t>x((m i a i ,p j b j ) 

for n%i,Pj € M, a^, 6j € A, and i = 1, 2, . . . ,n, j = 1, 2, . . . , to 

In particular || m « ® 0x(aj)|| 2 = Il0x(| TO i a »l)ll 2 ^ II Si TO i a d| 2 - Tnis 

shows that one can define a map ?/>^ : Af — > X(Af) by i/jf^ma) = m (g) (j)x{a) 
so that ("0M) i s a homomorphism of right Hilbert C*-modules. When M = X 
the map V'x wm be denoted by V'x- In this case (^c , </>x) is a homomorphism of 
correspondences . 

Now, since X(X) and X(M) are, respectively, a correspondence and a right 
Hilbert C* -module over X(A), the construction above can be iterated to get a 
sequence {A x } n >o of C*-algebras and, for each n > 0, a correspondence A~„ over 
A* and a right A^-Hilbert C*-module M x by setting = A, X = X, = M, 
and, for n > 0: 

A x +1 = X n (A x ), X n+1 = X n (X n ), and M x +1 = X n (M x ), 
We also get right Hilbert C*-module homomorphisms 

{^' X ,^ X ) ■■ {M X ,A X ) — > (M X +1 ,A X +1 ) for all n > 0, 

given by </>^' X = 4>x n and <^/' X = V'm™ ' * na * i s > '/'n'^l ) = a ® id^x f° r au 71 > 1, 
and <^ x (ma) = m ® <^' X (a), for to € and a £ A* . 

When M = X we write 0* in place of <f>n' X ■ In that case {4>n' X i 4> X i 4>n' X ) an d 
(<j>n+i! 4>n i 4>n ,X ) are i respectively, homomorphisms of correspondences and Hilbert 
C*-bimodules: 

{ B 4>x(xa),4>x(yb)) {z®c) = x <g> cj>^ x {a)(y <g> (j)^ x {b),z ® c) 
= x®^(a)<^ x (&*(y,z))c 
= xa{yb, z) ®c 

= (</>„+! (6 xa,xb))( z ® c )> 
for all x, 2/, z G X n , a, fe G A n and c G 

Let (Xoo, {A*}, {A^}) and (Af£, A^, {Af }, {A^}) denote the direct limits 
of the sequences {(X n , A x ,cf) X 7 <f>^ x )} and {(M x , A x ,^' X ,cj)^ x )}, respectively. 
By Proposition 12. 31 both and are right Hilbert C*-modules over A^. 

Remark 2.5. In fact, X^ is a Hilbert C*-bimodule over A^: since X„ is an 
A x +1 — A x Hilbert C*-bimodule for all neN, the proof of Proposition 12 . 31 carries 
over to the left structure of X^, and the compatibility between the left and the 
right structures on X^ is easily checked. 

Proposition 2.6. Let {(X n , A n , <p x , 4>n)} be a directed sequence of right Hilbert 
C* -modules with direct limit (Xqq, A^, {Ajf}, {A^}). 

Then (/CpT^), {(Ajf )*}) is the direct limit of {(/C(X„), (4> X )*)}, where (X x )* 
and {4> X )* are defined as in Lemma \l .21 

Proof. It is well known that for any integer k, (Mk(Aoo), {(^n) }) ^ s the direct 
limit of {Mk(A n ), (</ > ^)*- fe - > }, which in particular implies that 

\\(*n) {k) (T)\\ Mk{A ^ = hm||« m ) (fc) (T)|| for all T G M k (A n ). 
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Now, the commuting diagram 



X n 



X n -\ 



yields a commuting diagram 



IC(X n ) 



■ K-{X n+ i) 




IC{X 

which in turn yields a map H : \im )C(X n ) — ► /C(Xoo), defined by H{l n (T)) — 
(Ajf)*(T) for T S JC(X n ), where l n : fC(X n ) — > lim/C(Jf„) is the canonical map. 

Note that {9 r , s ■ r, s G [j \*(X n )} is dense in K.(Xoo) because Xao = [j \ x (X n ). 
It follows from that fact that H is onto, since 0A x (x),A x (y) — H(l n (9 X} y)), for x,y 6 
X n . 

The map H is also isometric: let T G K,(X n ), T = J2i=i ^xi,if»> where Xi, yi 6 X n . 
Then 

\\H(UT))\\ = ||(A*)*(T)|| = HE^AJCO.AJ^II = \\(>£) W (X 1/3 Y l /*)l 

where f |KPWI 2.1]) = fa,Xj ) and F„ = (yuVj). 
Therefore, by applying jKPWI 2.1] again, 

\mUT))\\ = ll(A^)«(^ 1/2 ^ 1/2 )ll = lim m ||« m )W(xV2yi/ 2 )|| 
= lim ro ||« m ),(T)|| = ||Z n (T)||. 



□ 



3. CUNTZ-PlMSNER C* -ALGEBRAS AND CROSSED-PRODUCTS BY HlLBERT 

C*-BIMODULES 

In this section we show that the pair (.Aoo, X^) obtained in Example l2.4l is such 
that Aoo x Xoo is isomorphic to Ox- We begin by recalling some well-known facts 
about adjointable operators on the direct sum of Hilbert C*-modules. 

Given a sequence {X n } of right Hilbert C*-modules over a C*-algebra A, let 
E = X n . If K , K\ C N, we identify £(©„ eJfo ^«,ffi„ 6Kl x n ) with a subspace 
of C{E) by extending T e £(© n6Ko X n ,©„ 6Jfl x„) to T G £(£) so that T| x „ = 
for n £ K . 

Let J = Um^(©[r^™) c and let M denote the idealizer of J in C(E), 

that is, M = {T 6 £(£) : TS, ST € J for all 5 £ J}. 
For an integer fc, let 

A fe = {Te £(J5) : T(X„) C X„ +fe if n > max{0, -k}, T\ Xn = otherwise}. 

Given T G we denote by T n the map T n G £(X„,AL„+fc) obtained by re- 
stricting T to X n . Then T = 0~ T n and ||T|| = sup„ ||T„||. Note that A fc c M 
for all fc G Z. 



Lemma 3.1. IfT G A fc; i/ien ||T+ J| 



M/J 



limsup„ ||T„ 



s 
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Proof. We can assume that k = 0, since T*T G A and (T*T)„ = {T n )*T n for all 
T G Afe. Let L denote limsup ra ||r n ||. Given e > 0, let no be such that ||T n || < L + e 
for all ri > no. 

Then \\T + J\\ M/J < || 0~ T„[| = sup n >„ ||T„|| < L + e, which shows that 
\\T + J\\m/j < L. On the other hand, if I < L and S G £(0™ I„) G J, then 

m oo oo 

\\T S\\ = || [0 T„ - 5] 8 T n || > || T n \\ = sup{||T„|| : n > m\\}) > I. 

m+1 m+1 

Therefore ||T + J\\m/j > I f° r a h Z < L, which ends the proof. 

□ 

We next recall the definitions of the Cuntz-Pimsner algebras Ox and Ox given 
in [Pij. Given a correspondence X over a C*-algebra A, let X n = X® n , where 
X®° = A, and let E = Q)™ X n . 

If x G we denote by the map T x e A k C C(E) given by T^y) = x<g)y if 

> and by T a (y) = ay, if a € A, where x <g> a is identified with xa, for x G X® fe , 

> 0, and a G A. 

For M and J defined as above, let ir : M — > Mj J be the canonical projection 
and set S x — n(T x ), for x G Xk, k > 0. The Cuntz-Pimsner C*-algebra Ox 
and the augmented Cuntz-Pimsner C*-algebra Ox are the C*-subalgebras of Mj J 
generated by {S x : x G X} and by {St : i £ IU A}, respectively. Notice that 
S Xl ®x3<g)-<sx k = S Xl S X2 . . . S Xk , which implies that S x G O x for all x G X® fc , 
k > 1. 

Remark 3.2. Let x G X® m , for m > 0. Since ||(T x ) n || = ||(T x )„_i <g> idjt|| < 
|| (T x ) n _x || for all n > 1, we have by Lemma mi 

HS^H = limsup ||(r^) Tl |l = inf ll( T 'x)fe ®id x ®»||, 

n n>l 

for all k > 1. 

Lemma 3.3. Lei be A — P>i correspondences for i = 1,2, and Zei Y 6e a 

riy/ii Hilbert C* -module over A. Z/ker0i C kercfo, £«en ||T (8 irfxill — 11-^"® ^Jfall 
for allT G C(Y). 

Proof. Let T G C(Y). Then T ® id x , = if and only if = ||Ty ® x|| 2 = 
|| (at, (Ty,Ty) ■ x)\\ for all i 6 I„ y G Y. That is, T <g> idx< = if and only if 
(Ty,Ty) G ker</>j for all y G Y. We can thus define a map T ® idxj i-> T ® idx 2I 
which is a (norm-decreasing) *-homomorphism between the C*-algebras {T(g)idxi : 
Tg£(Y)} and {T0idx 2 :TG£(Y)}. □ 

Corollary 3.4. Let (X,(fix) and Y be, respectively, a correspondence and a right 
Hilbert C* -module over a C* -algebra A. Let X(A) be as in Example \2.I\ Then for 
any T G C(Y) we have 

||T®id x || = \\T® idx {A )l 

Proof. It suffices to notice that an element a of A acts on X(A) by left multiplication 
by (fix (a)- Since Im (fix C X(A), we conclude that a ■ X(A) = if and only if 
(fix( a ) = 0. Then the previous lemma applies in both directions and the equality 
holds. 

□ 
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Lemma 3.5. Given a correspondence [X,(j)x) over a C* -algebra A, let X(X), 
X(A), and tpx '■ X — ► X(X) be as in Example \2.4\ 

For n>l, let f3 n : X(X)® n > X® n ® 4>x X{A) be the isomorphism of X(A)- 

correspondences given by /3 n — idx <8> ^xTa^x ® idx(A), where Lx(A),x is as in 
Notation M.lX Then: 

(1) f3 n o ip® n = id x ®n-i ® ipx, for all n>l. 

(2) /3 n +m(^|»( z ) ( w ) ® id X (X)®™)Pn+m = °z,w <8 W(X®"»®X(A)) > /<"" Z, W £ 

X®", n > 1, m"> 0. 

(3) /3 m +i(4>x(a)® idx(A)®x(x)®™)/3m+i = <t>x{a)®id( X <a™®x{A)), for allm> 
0. 

Proof. (1) Let Xj e I, a, e A, for i = 1, 2, . . . , n. Then 

[P n o ^® n ](xiai (8) x 2 a 2 ® • • • ® x„a„) 

= P n {xi <8> 0x(ai) <8> x 2 ® 0x(a2) ® • • • ® x n ® <Px{a n )) 

= xi ® </>x(ai)x 2 ® </>x(a2)x 3 &> • •• <8> 0x(an-i)a« ® <t>x(a n ) 

= xiai <g> x 2 a 2 (8> • • • ® x„_ia„_i <f>x(a> n ) 

= (idx»n-i ® "0x)(xiai <8> x 2 a 2 ® • • ■ <8> i„a„). 

(2) We first prove the statement for m = 0. We assume, without loss of generality, 
that z = z <g> xa, ft) = w ^, for x £ X, z £ X®" -1 , iy £ X 18 ™, and a, 6 £ A. Let 
it £ X® n , r £ Then, by (1): 

{M^ {z) ^( w) P* n ){u®r) 

= (^(id x « 8 „_K» 1 /. x )( Zo «)a ; a),(id x ®„_i®^x)(t"ob))( U ® ^ 

= zo ® x €5 4>x(a)(wo <8> 4>x{b), u®r) 

= z ® xa 4>x(b*(wo, u))r 
= zq <8> xa(wob, u) ® r = z(w, u) (g>r 

= (9 z ,w ® id X (A))(" ® 0- 
Let us denote by L the map L X (a)x defined in Notation ll.il For m > 1 we 
have 

/3„ +m = (id x ®„ <g> L® m <8> id x(j4) ) (/?„ <8> id x(x) ® m ). 

Therefore 

/3n+m(^|-( z ) ,V>| n (u)) ® id X(X)®".)/3* +m = 

(id x »„ <g> L® m ® id x(A) )(0 z ,™ ®id x(A) ®id x(x) ® m )(id x »„ <g> ® id x(A) ) 

= 0z,«) <8 id x ®™0 X (^). 

(3) 

/?m+i(0x(a) (8 idx(A)®x(X)®"»)/3^ +1 = 
(idx 8) L® m 8> idx(A))(<Ma) ® id( X( A)0X)®™ ® id x(A) )(idx ® (L® m )* ® id x(A) ) 

= <Ax(a) ( 8>idx»'"®x( J 4)- 

□ 
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Remark 3.6. As discussed in |Pi| Remark 1.2, (2)], the automorphism of X 
given by x i— > Ax for A G S 1 yields an automorphism j\ of Ox, determined by 
JxiSx) = X k S x for x G X® k , k > 0. In fact, this automorphism of X extends to an 
automorphism 7a of E defined by (ta(?7))(&) = X k rj(k), for r\ G E. Conjugation by 
7a is an automorphism of C(E) that maps T x into X k T x for x G X® k , k > 0, and 
it leaves J invariant . 

Thus one gets an action 7 of S 1 on Ox that is easily checked to be strongly 
continuous. The fixed-point subalgebra of this action is E${Ox) — sp&n{ S X S* : 
x,y G X® n , n > 0} and its first spectral subspace E\{O x ) — sp&n{S x S* : x G 
X® n+1 , y G X® n , n > 0} = sparine : x G X, e G E (O x )}- This last state- 
ment is shown by means of the usual argument, since spanlS^S"* : x G X® n ,y G 
X® m , n, m > 0} is dense in O x , and the maps Pj : O x — * Ei(O x ) given by 

Pi(u) = / z~ l j z (u)dz for u G Ox 
Js 1 



are surjective contractions (see |Exj for details), and "f\(S x S*) = A" m S x S*, for 
x G X®", y G X® m , and n, m > 0, i = 0, 1. 

Now, since Ox is generated as a C*-algebra by Eo(O x ) and E\{O x ), Theo- 
rem 3.1 in |AEE| applies, and Ox is isomorphic to the crossed-product Eq(O x ) X 

Proposition 3.7. Let (X, <^>x) a correspondence over a C* -algebra A, and let 
X(A), X{X) andtpx be as in Example ^. J\ Then there is an isomorphism of Hilbert 
C*-bimodules ( m , Vo ) : (E l {6 x ),E {O x )) — » (E 1 (6 X{X) ) 

,Eq{Ox(x))) carrying 
S x and S a to S^ x m and S^ x r a \ respectively, for x G X and a G A. 

Besides, if (ix,iA) ■ (X,A) — ► Ox is given by i X (x) = 5a, and ia(p) = S a and 
similarly for (X(X),X(A)), then 

(ipx,4>x) 

(X,A) ^ (X{X),X{A)) 



(ix ,u) 



(ix(x),ix(A)) 



(E 1 (Ox),E (Ox)) >~ {Ex{O xm ),E {O X (X))) 

is a commuting diagram of homomorphisms of correspondences. 
Proof. We would like to define 770 : E (O x ) — ► E (O X (x)) by 

k k 
Vo(Sa +22S Xi S*.) := S<f, x ( a ) +^2 s i ,®™i (Xi) s l®*H iyz y 

2—1 i— 1 

where a G A, xi,yi G X® ni , and > for alH = 1, k. 

We first show that the definition above makes sense. Let a,Xi,yt be as above, 
and let m = max{ni : i = 1, k}. Then (see the beginning of Section 1 in [Fij for 
the first equality) 

T a + Eli r x< r* = 0^ =m (T a )„ + ( e Xi , w ® id x «_, ) j; 

= ©^= m T({ffl)ari»l/»}) ®id x ®n-m, 
where r({a,Xi, yj) = 0jt(a) ® id x ®™-i + E, ^i.j/i ® id x ® m - rei . 
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Now, by parts (2) and (3) of Lemma 1331 

r({a, x^y,}) <g> iA x <»"®X{A) 
= 4>x{a) ® id x «m-i+r. ® \& X {A) + £\ 6 Xi ,y 4 ® id x ®m-» 4 +« (8 id X (A) 
= Pn+m{4>x{a) <8> idx(A) ® idx(x)®™-i+" + 

+ E s ^"'(^.V^Gf*) id (^(^))® m ""- + ")^n+™ 

= /9 n+m (r({0x(o),Vl B1 (»i),V'| n '(l/i)}) ®idx(x)«™)^ +ro - 
Therefore, by Lemma f3. II and Corollary 13. 41 

|| + Ysi S xi S m\\ = lim n ll r ({ a i x i> Vi}) ® idx®«|| 

= lim„ ||r({a, x i: yj) <g> id x ®~ ® idx(A) II 

= lim n ||r({^(a), (a*), ^ (w)» ® id x(x) ®„ || 

= ll%(5a+Ei 5,^)11. 

This shows that 770 can be extended to an isometry 770 : E (Ox) — > Bo(0x(x)) 
which is easily checked to be an isometric *-homomorphism, in view of the proper- 
ties listed in [23 Proposition 1.3]. 

We next show that 770 is onto. First note that Sxp x (x)S^ x ( y ) — Se x v f° r 
x, y G X. Let n : M —> M/J D Oxtx) be as in the beginning of this section. By 
[E3 1.3]: 

S i>x(x) S ^, x (y) = 7r ( ©£°=0 6ipx{x),il>x{y) ® id A-(X)®") = <%s, s 

because 

Also, by |E3 1-3] 

Sxa®$y, z = S[x®$(a)]6 y , z = S^ x (xa)Se y , z = ^ipx(,xa)^iix(y)^ipx(^)' 

Since S^ x ( a ) = r)o(S a ), Ss x y — r)o(S x S*), and iSmS)^®--®^ = S Ul S U2 . . . S Un , it 
only remains to show that S Ul S U2 . . . S Un S* n . . . S* 2 S* ± G Im 770 for all Uj, v t G 
and n > 1. We proceed by induction on n. The case n — 1 follows from the fact 
that, by the identities above: 

= (Sipx(xa) + ^xix)^^x(y)^ x (z)){^i'x(x'a') + ^x(x , )S^ x (y')S^ >x ^) 

= Vo(Sxa,S x / a / + S xa S z i Syi S x i + S x SyS Z S X , a i + S x Sy^ zz i^Sy, S x ,j . 

for all a,a' €z A and x, a;', y, y', z, z' G X. The induction step follows from the fact 
that for all a, a' G A and x, x' , y, y', z, z' G X 

<5 , £C <»(0x(a)+0 y , z )(lm '7o)S^'®(^ x (o')+fl y / >I! /) c Im ^Q' 

which is checked by applying the action 7 of Remark l3.6l for by direct computation). 
We now define 

771 : Ei{6 x ) — > Ei{6 X (x)) by Vi(J2S Xi ei) = ^ S i , x{x . ) rj {e i ), 

i i 

for Xi G X and G Eq(Ox)- To check that the map 771 thus defined makes sense 
and extends to an isometric map on E\(Ox) notice that 

IIE* S W(s0 7 7°(e*)l| 2 = \\Y, l ,jVo{e.i)*S* M , x{Xi) S^ x{Xj) riQ{e j )\\ 
= IIE M %(e*5* i ^.e J )|| 



Ei 



2 
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Straightforward computations show that (t]o,t]i) is a Hilbert C*-bimodulc homo- 
morphism. Besides, the map 771 is onto because so is rjo. It is clear from the def- 
initions that the diagram commutes. Finally, it follows from |Pil Proposition 1.3] 
that (ix, *a) is a homomorphism of correspondences and it was shown in Example 
Othat so is {ipxAx)- □ 

Corollary 3.8. Let (X,(f>x) be a correspondence over a C* -algebra A, and let 
X(A) and X(X) be as in Example \2.4\ Then Ox and Ox(x) are isomorphic. 

Proof. The isomorphism of Hilbert C*-bimodules (771 , 770 ) obtained in Proposition 
13.71 induces an isomorphism from E (O x ) X E\{Ox) to E {O X (x)) * Ei(0 X {x))- 
The statement now follows from Remark 13.61 □ 

Theorem 3.9. Let X be a correspondence over a C* -algebra A, and let (X^, A^) 
be as in Example^m Then 6 X = A* x X x . 

Proof. As in Example EH let {X^, A^, {\ x }, be the direct limit of the 

directed sequence {(X n , A x ,cp x , <^' X )}, and let 

(ix n ,iA*) ■ (X n ,A x ) - (EtiOxJ^oiOxJ) 

and 

(tf,r&) : (Eti&x^EoiOxJ) — > {Ei(6 Xn+1 ), E {O Xn+1 )) 
be as in Proposition 13. 71 

Let T- 1 : E l (Ox n ) — > E^Ox) be the isomorphism of Hilbert C*-bimodules 
defined by T™ = (rjfrjj . . . r?™" 1 )" 1 for all n > 0, i = 0, 1. 

By Propositions l3 . 7l and l2 . 3l and Rcmark l2 . 51 there are homomorphisms of Hilbert 
C*-bimodules (£^,1*00) making the diagram 




(e 1 (6 x ).e (6 x )) 



commute. 

Since by Proposition 12.31 the pair (i^,,*^,) : (X^jA^) — ► Ox is covariant in 
the sense of |AEE1 2.1], it induces, by the universal property of the crossed product, 
a *-homomorphism i : A^ » X x — ► Ox , which is onto because its image contains 
{S x : x s X U A}. It only remains to check that is injective, since this would 
imply by |Exl 2.9] that so is i, i being covariant for the dual action ( jAEEl 3]) on 
the crossed product and the action 7 discussed in Remark |3~B1 on Ox- 

First notice that 

\\(t>n( a n) ® id x «fe || = ||On <& id x «fc+l ||, 
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for n > 1, k > 0, a n € A* C £(X„_i). In fact, the unitary id Xn _ 1 g> ifx x _ x <8> 
id^x , for £ J 4X ) x„_ 1 as in Notation ll.il intertwines <^>„ (a^^id^®* and angiid^ ®k (8 
id^. Now, by Corollary 13.41 

\\4>n{ a n) ® id x ® fc II = ll a n ® id_yi8* <g> id A x || = ||a„ ® id x ®k+i li- 
lt now follows by induction on m — n that 

H<^mK)|| = ||On®id x 8m»-»||, 

for m > n > 1 and a„ € A„ . 

We next show that is injective by showing that its restriction to X^(A^) is 
isometric for all n > 1. Take a n £ A* for n > 1. Then: 

II^K)|| =lim m ||^ m (a„)|| 

= lim m ||a„ ® id^igiro-n || 
= lim m || a„ <g id x »™ || 

= I|£J| 

= IIU*0n)ll 

= lie(A^K))|| 

□ 

4. MORITA EQUIVALENCE FOR CUNTZ-PlMSNER C*- ALGEBRAS 

We establish in this section a sufficient condition for the Morita equivalence of 
two augmented Cuntz-Pimsner C*-algebras. In order to do so, we view these alge- 
bras as crossed products by Hilbert C*-bimodules as in Theorem 13. 91 and then we 
use the condition for the Morita equivalence of crossed products given in |AEEI 4,2]. 
Along this section we will be making extensive use of the construction described in 
Example EH 

Lemma 4.1. Let (Y, (fiy) be a correspondence over a C* -algebra B and let M be a 
right Hilbert C* -module over B . For Y{B) and Y(M) as in Example \2.4\ there is 
a *-homomorphism 0\ : K.(M ® Y) — > K,(Y{M)) such that 

[Oi(6 mi ® Vl , m2 ®y 2 )]{m®r) = mi <g> yi ,y 2 <pY((m 2 , m))r, 

for all m,mi,rri2 E M, 2/1,2/2 £ Y, and r £ Y(B), where Y(M) is viewed as a 
Y(B) -right Hilbert C* module. 

Besides, 0\ (@mi®yi (y 2 ,z 2 ), m2®zi) = @mi®8 yi , V2 ,m2®0z 1 , Z2 - 

Proof. It was shown in |Pi| 2.2] that JC{M ® Y) and /C(M g> fC(Y)) are isomorphic. 
Now fC(M g> K,(Y)) can be viewed as contained in fC(Y(M)), since M g) JC{Y) is a 
closed F(S)-right Hilbert C*-submodule of Y(M): In fact, if x ll y l £ M ® K{Y) 
for i = 1,. .. ,n, we have by jKPWI 2.1]: 

n 

iiEOT = ii^ 1/2 c 1/2 iiM„(y( B )) = iiECT (y) ii, 
»=i 

where Ay = (2^, Xj) y ' M ^ = (xi,Xj) M ® K ( Y \ and anagously for C. 

In this way we can obtain an isometric *-homomorphism / : K,(M g) IC(Y)) 
K{Y(M)), defined by I(6* y M) ) = 9f® K{Y) . The map Oi is now defined to be the 
composition of the isomorphism P in |Pi| 2.2] with /. By keeping track of the proof 
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in [Pi| 2.2], we get the formulas in the statement. In fact, let us identify wi ® w 2 
with 6 WltW2 , for Wi eF,i=l,2. 

Then, according to [PI| 2.2], [P{@ mi ®y 1 , m2 ® y2 )]( m <&@wi,w2)] gets identified with 

{Q mi ® yi , m2 ® V2 {m ® wi)) ®w 2 =mi ® yi(y2, <j>Y((ni2,m))wi) (g>w 2 , 

which gets identified with mi <g> Vlt y 2 (j>Y((m 2 ,m))8 Wl . W2 . 
Straightforward computations now show that 

[P{6 

mi®yi(y 2 ,z 2 ) ,m 2 ®z\ (0 

when £ G M <g) /C(Y). Then, by applying the map / we get: 

Ol \Pm\®yi(y2,Zv),rn.2®zi) = ®mi®9 yi lB2 ,m 2 ®9 zi }Z2 , 

which yields the formulas in the statement. 

□ 

Proposition 4.2. Let (Y, ipy) be a correspondence over a C* -algebra B, and let 
M be a right Hilbert C* -module over B. Let L\ and L 2 be the C* -subalgebras of 
C(M O Y) defined by L x = K{M ® Y) and L 2 = {T ® id Y : T G £(M)}, and Zet 
L = Li + L 2 be the C* -subalgebra of C(M Y) generated by L\ U L 2 . TTien i/iere 
is an isomorphism O : L — ► 1C(Y{M)). 

Proof. We first set O l : L; -> K{Y(M)), for i = 1,2 as follows: O x is the *- 
homomorphism defined in Lemma l4~T1 and. in view of Corollary 13. 41 we set 2 (T ® 
idy) = T <g> idy( B ), for T G /C(M). 

Our aim is to define 0(7i + T 2 ) = Oi(T x ) + 2 (T 2 ) for 2* G L h i = 1,2. To 
make sense of this, first note that 

Oi(T) <g> idy = (id M 8) Ly(i?),y) _1 T(idM ® i y(B ),r), 

for T G Lj, z = 1,2, and Lyrmy a s in Notation ll.il 

The equality is easily checked for i = 2 whereas, if T = 9 mi (g)y 1 ,m 2 ®y 2 , for 
mi, m 2 G M, 2/1,2/2 G K, and m<8>r(8>2/GM(g) Y(i?) (g> F, then: 

[(idM ® iy(B),y) _1 7 1 (id M ® iy(B),y)](m ®r®i/) 
= mi <g> iy( B) . y (yi(m 2 <g> 2/2, m ® ri/}) 
= mi <g> L y(B) iY (2/1(2/2, <M(m 2 ,m})r2/)) 
= mi ® 9 yuy2 (/)Y((m 2 ,m))r <g> y 
= (Oi(T) O idy)(m ® r <g> y). 

On the other hand, it is straightforwardly verified that 

Oi(T) Cg) idy( B ) = (idM <8> £y(B),y(B) 
for T G Li, i = 1,2. 

By virtue of Corollary 13.41 and the identities above we have, for Tj G Lj, i = 1, 2: 

||0i(Ti)+0a(T 2 )[| = 
= ||(id M ® £y(fl),y(B))[(Oi(Tl) + 2 (T 2 )) ® idy (B) ](id M ® iy(B).y(B)) _1 || 
= ||(0 1 (r 1 ) + 2 (T 2 ))®idy (B) || 
= ||(Oi(Ti) + 2 (T 2 )) (8) idy|| 
= ||(id M ®L y{ b),yY 1 {Ti +T 2 )(id M (81 Ly (B)) y) II 
= Pi+T a ||, 

which shows that O can be defined as above, and it is an isometric linear map that 
preserves the involution. 
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Now, if Ti G Li, Ti = 9m 1 <s,y 1 ,m 2 tg,y 2 and T 2 — S (g) idy, then 

Ol(T 2 Tl) — Ol(9 Smi ^y um2 0y 2 ) 

= (S ®idY(B))Oi(6 mi ®y 1>m2 ®y 2 ) 
= 2 (T 2 )Oi(T 1 ). 

It follows from this and from the fact that 0\ and O2 are *-homomorphisms that 
O is multiplicative. It only remains to show that is onto. This fact follows from 
the following identities that can be verified directly from the definitions: 

• 0roi®0y(&i),m 2 <g>0y(62) = ^mi6i,m 2 62 ® idy(B) = 0(0mi6i,m 2 &2 ® idy) 

• @m 1 ®8 yi: y 2 ,m 2 ®0 zii z 2 — 0{®m 1 ®y 1 (j/2i«2>,m2®zi) ' 

where toi, m2 G M, 2/1,2/2, Zx,z% £ Y, and 6, 61, 62 £ -B. D 

Remark 4.3. Notice that we have shown at the beginning of the proof of Propo- 
sition the identity 

(idM ® Ly (B)! y)- 1 T(id JV f <g> L Y{BhY ) = 0{T) ® idy 

for any T belonging to the C*-subalgebra of £(M ® F) generated by /C(M gF)U 
{T (g) idy : T G JC(M)}. 

Proposition 4.4. Lei X and Y~ be correspondences over C* -algebras A and B, 
respectively, and let M be an A — B Hilbert C* -bimodule that is full on the left and 
such that there is an isomorphism J : X®M — > M ®Y of A — B correspondences. 

Let I : X(A) — > £(Y(M)) be given by I(T) = 0(J(T <g> id M ) J' 1 ), for O as m 
Proposition \4-°A Then I is an isomorphism, and I((£>x((i)) = 4>m{o) ® idy(B) f or 
all a G A. 

Proof. By Proposition 14.21 it suffices to show that T 1— > J(T ® i&m)J is an 
isomorphism from X(A) to the C*-subalgebra L of C(M®Y) generated by fC(M) ® 
idy and K(M ®Y). 

The image of X(A) by the map T i-> T®id M is the C*-subalgebra C of £(X®M) 
generated by K(X ® M) U {<f) X (a) <8> id Af : a E A}, since S Il(miim2)jliJ , 2 <g> id M = 
^xi<g>mi,x2®m 2 f° r all ^i,ar 2 G X, m ll m 2 G M. 

Besides, if T id M = for some T G then = (Tx ® m, Tx ® m) = 

{m,{Tx,Tx)m}, for all m G M, x E X. It follows that T — because A acts 
faithfully on M. 

Notice now that conjugation by J carries C isomorphically into L because 

J{4>x{a) ® id M )) J -1 = 0Af(a) ® idy, 

for all £1,2:2 G -X", mi, m2 G M, and a G A. Besides, {4>m(o.) ■ a G ^4} = JC(M). 
Finally, I{4>x{a)) = 0(4>m(o) £?> idy) = 0Af (a) <8 idy( B ), for all aeA □ 

Proposition 4.5. LetX.Y, and M be as in Proposition ^ ■ 4\ Let {(X n , A* , <fi* , <f>^ )} 
and {(M^, B% , <f>n' Y > fin)} be the directed sequences defined in Example \2.J\ and 
let {X 00 ,A^ Q ,{X^},{\^}) and (M^, B^, {/i r A /}, {/x£}), respectively, denote their 
direct limits. 

Then is an A^ — B^ is a Hilbert C* -bimodule that is full on the left. 
Besides, the canonical maps (A^,/J* f ,/^) : (A%,M%,B%) -» (j4*, Af£,B£) 
are homomorphisms of Hilbert C* -bimodules. 
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If M is also full on the right, and Y is left non- degenerate as a B-module, that 
is if 4>y(B)Y = Y, then MY is an — BY Morita equivalence bimodule. 

Proof. All the statements involving the right structure except for the last one, which 
we discuss at the end, were taken care of in Proposition ^. 31 so we focus on the left 
structure. We have shown that MY is an A* — B\ left full Hilbcrt C*-bimodule 
by identifying A* with JC(MY) via the isomorphism / of Proposition ^. 41 

Our aim is to show, in the notation of Example 12.41 that M„ is an A* — 
B\ Hilbert C*-bimodule that is full on the left in a compatible way with the 
corresponding directed sequences, which will provide MY with a structure of A^ — 
BY Hilbert C*-bimodule. 

First notice that the map Ji : X\ ® A x MY — > MY ® B Y given by 



Ji = (id M <8> L 



id B y)(J <g> id sr )(id x <g> L A x M ?) 



is an isomorphism of A* — BY correspondences. Note that J\ preserves the left 
action of Af because, by Remark 14.81 



(id M ® L B y Y ® id B y)(J ® id B y)(r ® id M v) 
= [(id M <8> L~i y )J(r ® id M )] ® id B v 
= [(0(J(r ®id M )J-^ ' 



L ) ® id y )(id M ® L B \ Y )J] ® id B v 



(I(r) <g> idrJ(id M <8> L Y Y ® id B y)(J<g> id B v), 



for r 6 A± . Besides, J\ is onto and preserves the right action of B\ and the 
_B^-valued inner product because so do the maps composed to get J. 
Notice also that 



X 



M 



M ® B Y 



MY 



commutes because 



(id M ' 
(idjvf 



B Y ,Y 

L BY,Y 
(idM ® 



id B r )(J <E> id B Y )(id x ® L A x m y )(</>* ® )(xa ® mb) 
) id B v)(J ® id B r)(id x ® L^x M y)(a: ® </>x (a) <8> m ® 0y(6)) 



r-l 



® id B r ) (J <g> id B r ) [a: ® J(0x (o))(m ® 0y (6))] 



= (idM <8> y id B r)(J ® id B r)(a; ® am <g> 0y(£>)) 
= (idM ® L~ Y Y ® id B r) J(ira ® m) </>y(6) 
= (0o^ y <8> 4Y)J(xa ® m&), 



for i e I, « e 4, m e M and feeB. 

Now this yields, by Proposition 14.41 an isomorphism /2 : A 
thcrmore, the diagram 

h 



fC(M, 



Fur- 



x 



A 



x 



■K{MY) 
■IC(MY) 
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commutes, since by Proposition ^. 41 we have, for r G Af : 

h{^' X (r)) = ®id fl v = h{r) ® id B? = [« < r ) J(/i(r)), 

the last equality being due to the fact that 

for mi €E Mi, 6; £ Si, and i = 1,2. 

It is clear now that, by iterating this construction, we get isomorphisms I n such 
that the diagram 

A^ +1 -^K(M Y +1 ) 

commutes for all n > 0. 

This shows that is isomorphic to the direct limit of {(JC(M Y ), (</>f ' r ) )}, 
which by PropositionElis (7C(M£), (/if)*). Therefore M Y is an A^-B^ Hilbert 
C*-bimodule that is full on the left, with left structure defined by 

^W/in K) : = rfK^). (^n( m n),^(m' n ))AX := A£((m„, m^) A x), 

for m„, mjj £ Af^f and a„ £ Ajf , where we write, as we will do from now on, a n m n 
and (m n ,m' n ) a* instead of [in fan)] (win) and In 1 (^m n ,m' n ), respectively. 

Notice that the last equality shows that (X^,/i^) is a homomorphism of left 
Hilbert C*-modules. 

If Y is non-degenerate on the left, and M is a Morita equivalence bimodule, 
then MY is an A* — B\ Morita equivalence bimodule because (m ® r, n (8> s) — 
r*cf>Y{{Tn,n)ii)s, for m, n £ M and r, s £ S^\ Therefore, as one sees by taking an 
approximate identity for B Y , (M Y ,MY)r contains Im tfiy and 0y(S)AC(F). But 
non-degeneracy implies that 0y(S)/C(K) = £(Y") since, given ijeF, then 

= 9<t> Y (b)x',y = <f>Y(b)0 x > jy , 

for some x' £ Y and 6 £ B. Thus we conclude that Mi is full on the right as well. 

It will follow by induction that M„ is full on the right for all n > once we show 
that Y n is always non-degenerate on the left as a S^-module. In fact: 

<t> Yn (B Y )Y n = 4> Yn {Bl){Y n -i ® B Y ) = B Y Y n ^ ® B Y n = F„_i ® B Y , 

since B Y D /C(Y„_i). 

Finally, we conclude that in that case M^ is full on the right because (M^, M^) 
contains (j£ ((M Y , M Y )) for all n > 0. □ 

Remark 4.6. Let (Y,(/>y) be a correspondence over a C*-algebra B, and let Y„, 
S^, and M Y be as in Example 12.41 The proof of Proposition 14 . 51 shows that 

(1) The S^-left module Y n is non-degenerate for all n > 1. Of course, this 
might fail for n — 0. 

(2) If X, Y and M are as in Proposition ^. 51 M is full on the right, and Y is 
non-degenerate, then M Y is an A* — B Y Morita equivalence bimodule such 
that the A* — B Y correspondences X n ® M Y and M^f (8 Y n are isomorphic 
for all n > 0. 
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Theorem 4.7. Let [X, <px) and (Y, 4>y) be correspondences over the C* -algebras A 
and B, respectively. If in the notation of Example \2.4\ there exists an A* — B^ o 
Morita equivalence bimodule M such that X na ® M and M ® Y mo are isomorphic 
as A* o — Bj nQ correspondences for some uq > 0, tuq > 1, then the augmented 



Cuntz-Pimsner C* -algebras Ox and Oy are Morita equivalent. 

Proof. The bimodules Xao and Y^ and the C*-algebras A^ and of Example 
12.41 can be obtained as the limits of the corresponding directed sequences starting, 
respectively, at uq and mo. Besides, the directed sequence {(MY , 4>^f' Y )} n >m can 
be constructed as in Example 12.41 Our aim is to show that 1^ MY^ and 

MY^ ® b y are isomorphic as A^ — BY^ Hilbert C*-bimodules. It follows from 
the remarks above that we can assume that no = mo = and, in view of the last 
part of Remark 14.61 that Y is left non-degenerate over B. The result will then 
follow from Theorem EHfl Proposition ^. 51 and |AEEI 4.2]. 

As in Proposition 14. 51 and Example 12 . 41 we have the commuting diagrams: 



X,, 



x n 



■ x„ 




Y n 



Y~ 



Y n 



+ i 



\x 



BY 



A 



X 




Bl 





Ml 



X n ® A x Ml — 



■ Ml % Bl Y 



I'n 




Ml 



5a* +1 M n+i 



M, 



Y 

n+l 



Y 



n+l 



Notice that, if m, m! S MY , y, y' S Y n , then by Propositions 12.31 and 14.51 

(m,m')y')) 
Hn((m <g y,m' <g> y')) 



(/C (m) ® pi (y) , m„ K) ® < (y')> 



and 



,M 



(m')> 



(^(m),^((x,x')m>)) 
Mn i( x ®rn,x'® m'}) 



for x, x 1 s -X" n and m, m' 6 . 
We now want to define : X 



Ml 



SbZ Yoo by 



Joo((A 



X 



,M\ 



I'r, 



){x n ® m„)) := ® n n )J n {x n ®m n ). 



Now, 



{(fJ-n ® fZ) J n( x n ®m n ), (fj,^ ® fZ)J n (x' n <g> m'J) 

Hn((J n (x n ® m„), J„(a4 <g m' n ))) = £tf ((a;„ (g) m„, (gi m^)) 
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= i(^n ® ptf)(xn ® m„), (A* (8 /xf )K ® m'J) 
This shows that Joo as defined above extends to a right Hilbert C*-module homo- 
morphism that preserves the left action of Aoc. In fact, by Proposition 14. 51 given 
a n G A n , x n G X n and m n G M„, we have 

Joo[K(a n ) ■ (A*(x n ) ® /jf(ro„))] = Joo[A^(a n a; n ) ® M^(m„)] 

= (m^ ® )(0M„ (a„) ® idy-J J„(a; n <g> m n ) 
— A n (a„) • Joo(x n ® 

Analogous computations show that preserves the right action. Besides, Joo is 
onto because its image contains (J n (/^Jf (M„)<g>/^(Y^)), which is dense in M^^Y^. 

It remains to show that preserves the left inner product. This follows as in 
EH 1.2]: if £o, fi, 6 G X(g)M, then 

(Joo(£o), Joo(£l))yi* ^oofe) = Joo(£o)( Joo(Cl)) Jxjfe)),^ 

= Joo(£o)(£l,6)£!£ 
= Joo (Co (£l , C2)Soo) 
= Joo((Co,Cl)Ax6) 
= (?0,<!;i)a£ Joofe) 

□ 

Remark 4.8. A similar result was shown by P. Muhly and B. Solcl ( MS ) for 
Cuntz-Pimsner C*-algebras Ox of correspondences (X,<f>x) such that <px is in- 
fective and X left non-degenerate. Our result for augmented Cuntz-Pimsner C*- 
algebras does not require the faithfulness of <j). Non-degeneracy, however, might 
play a role, as the following Corollary shows. 

Corollary 4.9. Let (X,cj>x) ond (Y,4>y) be correspondences over the C* -algebras 
A and B, and let M be a Morita equivalence A — B bimodule such that X ® M and 
M ®Y are isomorphic as A — B correspondences. IfY is left non- degenerate, then 
the augmented Cuntz-Pimsner C* -algebras Ox and Oy are Morita equivalent. 

Proof. By Remark 14.61 the conditions in Theorem 14. 71 are then met. □ 
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